The gravitational Gauss law requires any addition of energy to be accompanied by the addition of gravitational flux. The possible configurations of this flux for a given source may be called gravitational hair, and several recent works discuss gravitational observables ('gravitational Wilson lines') which create this hair in highly-collimated 'combed' configurations. We construct and analyze time-symmetric classical solutions of 2+1 Einstein-Hilbert gravity such as might be created by smeared versions of such operators. We focus on the AdS 3 case, where this hair is characterized by the profile of the boundary stress tensor; the desired solutions are those where the boundary stress tensor at initial time t = 0 agrees precisely with its vacuum value outside an angular interval [−α, α]. At linear order in source strength the energy is independent of the combing parameter α, but non-linearities cause the full energy to diverge as α → 0. In general, solutions with combed gravitational flux also suffer from what we call displacement from their naive location. For weak sources and large α one may set the displacement to zero by further increasing the energy, though for strong sources and small α we find no preferred notion of a zero-displacement solution. In the latter case we conclude that naively-expected gravitational Wilson lines do not exist. In the zerodisplacement case, taking the AdS scale to infinity gives finite-energy flux-directed solutions that may be called asymptotically flat.
Introduction
The AdS/CFT correspondence provides a framework to address many questions in quantum gravity, but much remains to be understood regarding the description of local bulk physics. It is thus of interest to construct CFT observables which act like local bulk operators to the greatest degree possible. This program is straightforward at leading order in the 1/N expansion [1, 2, 3, 4, 5, 6] where bulk locality can be exact. But the situation becomes more complicated at higher orders in 1/N where all bulk fields interact with gravity. One must then account for bulk gauge symmetries -especially diffeomorphism-invariance -which are associated with conserved currents in the boundary. Fully local bulk operators then fail to exist (though see [7] ), and naively-local bulk operators require some form of "dressing" in order to be promoted to observables.
One approach to constructing such dressed operators is to simply fix a gauge in the bulk. A popular choice for the metric is the Fefferman-Graham gauge h zµ = 0, which is analogous to the axial gauge A z = 0 for a gauge field. With this choice the leading 1/N corrections were computed in [8, 9, 10] . Since Fefferman-Graham coordinates are essentially Gaussian normal coordinates, the resulting observables may be described in a gauge-invariant way as the values of bulk fields at a certain (renormalized) distance into the bulk along one of the associated geodesics running inward from the AdS conformal boundary [11] . They may thus be said to describe local operators dressed by a gravitational string. We follow [12] in referring to such observables as gravitational Wilson lines; see [13] for related work at zero cosmological constant.
Due to this gravitational string, acting with such operators modifies the gravitational field 1 even if the leading-order bulk operator did not involve the graviton. This is to be expected on general grounds, as the gravitational Gauss law requires any operator changing the total energy (momentum, angular momentum, etc) to alter the gravitational flux at infinity. This fundamental observation dates back at least to the classic works of Arnowitt, Deser, and Misner [14, 15, 16, 17] ; see also [18, 6, 11, 19, 20, 12, 7] for related comments and discussions of alternatives in a modern context. The interesting feature of gravitational Wilson lines is that -at the initial time at which they act -the metric is modified only along the string. So when acting on the vacuum such operators produce states in which the full gravitational flux emanating from a bulk source is initially tightly collimated along the associated geodesic. As emphasized in [12] , this differs markedly from solutions like AdS-Schwarzschild, Kerr, etc. in which the gravitational flux is more uniform. Analogous configurations in gauge theory, in which the electromagnetic field lines are highly collimated, have a long history; see e.g. [21, 22, 23, 24] .
Though the string-like configurations for the gravitational field may be unfamiliar, the source determines only the total amount of gravitational flux and not its distribution. The latter constitutes a new form of gravitational hair which the above observables simply 'comb' into a highly concentrated initial state. The unfamiliar nature of the combed solutions is associated with the fact that they represent strong excitations above the familiar ones. The concentration of flux raises the energy beyond the level that might otherwise be anticipated, and time evolution generally causes the string to spread out at the speed of light 1 . Indeed, one should expect the singular field produced by any exact Wilson line to have infinite energy, so that some transverse smearing will be required to produce finite-energy solutions. The precise energy obtained will clearly depend on both the amount and character of smearing chosen.
Our purpose below is to study this energy/smearing relationship and other properties of combed solutions in an analytically-tractable context. While we are motivated by a desire to understand observables in quantum gravity, we also wish to study effects associated with finite back-reaction on the geometry. The lack of a sufficiently complete non-perturbative formulation of bulk quantum gravity 2 thus limits us to the study of classical solutions. Even so, the lack of symmetries and non-linearities in the gravitational field equations suggest that the problem generally requires numerics. But an exception occurs in 2+1 dimensions for pure Einstein-Hilbert gravity with cosmological constant where the lack of propagating degrees of freedom means that all solutions are (at least locally) given by empty AdS 3 for 1 Discussions of black hole hair typically focus on stationary solutions and so do not mention such configurations of dynamical flux. But in the AdS 3 case on which we focus below, the Virasoro asymptotic symmetries [25] imply that our hairy excitations do not dissipate, but are instead periodic in time. Interestingly, the asymptotically-flat limit of this hair gives precisely the degrees of freedom excited by the 2+1 analogue of Bondi-Metzner-Sachs transformations [26] . While related hair has recently been suggested [27, 28, 29, 30] to be relevant to black hole information, in AdS 3 our excitations clearly provide only an O(1) correction to the O( G ) black hole entropy.
negative cosmological constant Λ, 2+1 Minkowski space for Λ = 0, or dS 3 for Λ > 0. Once we have fixed any possible identifications, the different configurations of gravitational hair must be given by the action of diffeomorphisms. These diffeomorphisms may be nontrivial at infinity, so different combings of the gravitational hair in 2+1 dimensions correspond to different ways of gluing the spacetime to its asymptotic boundary.
We focus on the AdS 3 case below, where the above diffeomorphisms are known as boundary gravitons. Our bulk solutions will correspond both to conical defects (mass parameter 0 > M ≥ −1 in the conventions of [34] ) and Bañados-Teitelboim-Zanelli (BTZ) black holes (M ≥ 0). Rather than concern ourselves with the detailed relation to Wilson line observables, we simply study time-symmetric solutions in which the gravitational hair at the AdS 3 boundary is confined at t = 0 to an angular interval [−α, α]; i.e., for which the boundary stress tensor takes precisely its vacuum value outside this interval. We find finite-energy solutions for each α ∈ [0, π]. At linear order in the source strength (M + 1) their energy E is independent of α, but non-linearities force E → ∞ as α → 0. Interestingly, for each M, α the energy-minimizing solutions can be said to displace the source from its naively-expected location at the end of an associated (smeared) gravitational Wilson line.
one may compensate for the above displacement by further increasing the energy, though this is impossible for conical defects with M ≥ −(1 − α π ) 2 . We conclude that only in the former case can any (smeared) gravitational Wilson lines act as one might naively expect. In the black hole case M ≥ 0 we find no preferred notion of zero-displacement solution.
Implications for Λ = 0 can then be studied through an appropriate limit. We will not address the Λ > 0 case here, though dS 3 can be given useful notions of a boundary if treated as in [35] .
We begin in section 2 with a more detailed description of the combed solutions, an outline of how they are to be constructed, and a discussion of the above-mentioned notion of displacement. Results for AdS 3 then appear in section 3. We close with some final comments in section 4, including discussion of the Λ = 0 limit.
Framework and definitions
We wish to study solutions of pure 2+1 Einstein-Hilbert gravity with negative cosmological constant corresponding to familiar bulk sources whose gravitational hair has been combed into unfamiliar configurations. In general, gravitational hair may be characterized as those features of a gravitational solution that register far from the source. Some of this hair will be determined by sources. Indeed, the lack of propagating bulk degrees of freedom in 2+1 dimensions means that for trivial topology the sources uniquely determine the resulting geometry. Any further gravitational hair must thus be parametrized by diffeomorphisms acting on some reference solution. But the only diffeomorphisms that are not gauge-redundancies are those that fall off slowly at the boundary [25] , and which are commonly called boundary gravitons. These are the degrees of freedom that define the hair of interest here. After briefly describing this structure in section 2.1, section 2.2 introduces a useful measure of the degree to which the sources in such solutions have been displaced from the origin. Throughout this work we will restrict to solutions satisfying both time-symmetry t → −t and a spatial reflection symmetry φ → −φ. The solutions of interest are depicted in figure 1.
Reference Solutions and Boundary Gravitons
We consider solutions in which, up to the above diffeomorphisms, the metric takes the form
in terms of the AdS 3 scale with φ ∈ [0, 2π) and M ≥ −1. For −1 ≤ M < 0 the spacetime is global AdS 3 with a conical defect of deficit angle ∆φ = 2π(1 − √ −M ) inserted at the origin r = 0. For M ≥ 0, the spacetime is a BTZ black hole. We also require the conformal frame at infinity to be chosen so that the boundary metric is
We will often display results in terms of the parameter γ = −M ; this is especially useful for the conical defect case. The set of all such bulk metrics is known explicitly up to gauge equivalence [36, 37] , though we find it convenient to use the fact [25] that the gauge-equivalence classes of allowed diffeomorphisms are in one-to-one correspondence with the conformal isometries they induce on the boundary cylinder S 1 × R. As in e.g. [38] , using time-symmetry our diffeomorphism is in fact determined by the diffeomorphism φ → ϕ(φ) that it induces on the boundary S 1 at the moment of time symmetry (t = 0).
We may thus label all solutions of interest by the parameter M and the function ϕ(φ), the latter may be said to describe the boundary gravitons to be added to the reference solution (2.1). One advantage of our framework is that our energy-minimizing solutions will fail to be continuous when expressed as in [36, 37] ; indeed, that form of the metric will contain Dirac delta-functions, as will the boundary stress tensor. But ϕ(φ) will remain a continuous function, having discontinuities only in its derivatives.
As mentioned in the introduction, our notion of gravitational hair will be defined by the boundary stress tensor T ab . As is well-known from [4] , the reference solutions (2.1) give
The total energy is thus
in terms of the future-pointing unit normal n α ∂ α = ∂ t to the t = 0 surface defined by the boundary metric (2.2) and the time-translation Killing field ξ α ∂ α = ∂ t . The stress tensor T ab of the solution induced by φ → ϕ is readily computed using the fact [1, 4, 39, 40] that it transforms according to the standard anomalous transformation rule of 1+1 conformal field theories
in terms of the central charge c =
2G
, where the second term is the Schwarzian derivative,
Indeed, any property of the solutions can be computed from ϕ(φ).
We wish to construct solutions in which the addition of boundary gravitons combs all gravitational hair into the interval [−α, α]. That is, for ϕ / ∈ [−α, α] we require the boundary stress tensorT ab to agree with the vacuum values T vac ab given by (2.3) with M = −1. Since an energy-minimizing solution will be unique, it will respect the Z 2 symmetry ϕ → −ϕ. So for simplicity we restrict attention to even solutions. These are generated from (2.1) by odd diffeomorphisms ϕ(φ) = −ϕ(−φ).
Displacement from the origin
We are free to act on any of the above solutions with AdS 3 isometries. For non-trivial functions ϕ(φ), most isometries break the time-or spatial-reflection symmetries and are not of interest. But there remains a one-parameter subgroup given by AdS-translations along the axis defined by ϕ = 0 and ϕ = π, which we henceforth call the X-axis.
When acting on the reference solutions (2.1), it is natural to speak of such translations as generating displacement of the source from the origin. One would like to define a similar notion of displacement X for general solutions so that we may minimize the energy holding constant both X and α. The point here is that one might wish to have some notion of where the operators described in the introduction will act, and thus where the source will be created.
In particular, gravitational Wilson line operators cannot affect the t = 0 geometry away from the gravitational strings they create. Suppose we begin with the global AdS 3 vacuum given by (2.1) with M = −1 and act with a gravitational Wilson line running along the positive X axis (φ = 0) and ending at the origin (where it will create a source). Even after smearing the Wilson line over φ ∈ [−α, α] (say, by acting with rotations Figure 1 : Sketch of the desired solutions sourced by a conical defect (left) and a BTZ black hole (right). We depict the t = 0 slice of the solution in coordinates such that the angular coordinate on the boundary is ϕ, and the coordinates in the vacuum region coincide with the Poincaré disk. Since this sketch is only for illustrative purposes we leave the choice of coordinate in the dressed region unspecified. Sources are indicated by disks (blue in color version). The solutions are symmetric under ϕ → −ϕ, with ϕ the angle around the boundary circle. The boundary stress energy tensor is that of the AdS vacuum everywhere except in the "Not vacuum" region ϕ ∈ [−α, α]. This allows us to interpret certain finite wedges of the bulk as pieces of a pre-existing vacuum preserved by the action of a smeared Wilson line. For M < 0 we take the tip of the wedge to lie at the defect and use the shape of the resulting wedge to define an off-center displacement X. For M ≥ 0 we refrain from introducing a real-valued displacement X due to the lack of a preferred vacuum wedge for black holes.
that intersect the boundary orthogonally 5 . If instead the conical defect is created elsewhere, such geodesics will hit the boundary at angles characterized by a certain dipole pattern. Matching this pattern to the one created by acting on (2.1) with an AdS translation then allows us to assign a displacement X from the origin to the conical defect created by our operator. We emphasize that this X is fundamentally defined by the region in which the operator does not act. As a result, even though it is computed from the solution created by the operator, it measures the discrepancy between the location of our source and the location (by assumption, the origin) at which the smeared Wilson line acts on the original vacuum solution. When acting on the vacuum, and so long as it creates a source at its endpoint, the supposed Wilson line must thus create a solution with X = 0.
The BTZ case M ≥ 0 does not have a well-defined source and appears not to admit a clean definition of displacement X; see further discussion in section 4. We will nevertheless define X for this case by analytic continuation from the conical defect case M < 0. The resulting X will be complex, though the difference X 1 − X 2 between any two M ≥ 0 solutions will be real. The (constant) imaginary part serves as a reminder that for M ≥ 0 solutions with combed gravitational hair we define no preferred zero-displacement solution. In all cases, acting with a further AdS translation along the X axis will simply shift X as expected. As a result, even for M > 0 the limiting regime in which X becomes very large can still be said to represent displacement far from the origin.
Solutions and Results
We now discuss the explicit solutions, computing the energy E as a function of the displacement X. We first describe general results for the vacuum region and for the region with gravitational hair in sections 3.1 and 3.2. Section 3.3 minimizes E with respect to X, while the final sections (3.4 and 3.5) describe various simplifying limits.
Vacuum Region
We wish to investigate implications of the combing conditionT ab = T vac ab for ϕ > |α|. Timesymmetry and tracelessness ofT ab imply that it is sufficient to check the componentT tt given by (2.5). Through (2.6), solvingT ab = T vac ab amounts to integrating a third order differential equation and so will generally introduce three constants of integration. These parameters correspond to the fact that T vac ab is invariant under AdS 3 isometries, of which the subgroup preserving time-symmetry is generated by AdS translations along our X-axis, translations along the orthogonal Y -axis, and rotations. But since the latter two would generally break the symmetry ϕ → −ϕ, in the vacuum region |ϕ| > α the allowed diffeomorphisms are labelled by a single parameter related to our displacement X.
Since ϕ(φ) is odd and defines a diffeomorphism on the circle, it suffices to think of ϕ as a diffeomorphism mapping the interval [0, π] to itself. In particular, ϕ satisfies ϕ(0) = 0 and ϕ(π) = π. While the above-mentioned differential equation may be solved directly with such boundary conditions, it is instructive to construct the desired solutions by following a different path. We begin with the conical defects (M < 0). In that case, though both are negative, the magnitude of T vac tt is larger than that of T tt in the reference solution (2.1) by a factor of γ
On an interval (α, π] we may then setT tt = T vac tt by using the simple scaling
so long as π − α < π √ γ (as required by positivity of ϕ for φ ∈ (0, π]). We refer to the transformation D as a dilation in the sense that this is the conformal transformation it would define if extended in a natural way to the planar covering space of our boundary cylinder, taking the origin of this plane to coincide with φ = π. As in section 2.2, we are now free to apply an AdS translation P X by an amount X along the symmetry axis without changing the value of T vac tt near ϕ = π. We take X to be the Killing parameter along the associated Killing vector field of empty AdS 3 pointing toward φ = 0 (and thus away from φ = π) and having unit norm at the origin. As a result, P X acts on the boundary via the conformal isometry
which also determines its effect on the combing parameter α. Indeed, for any γ and every final combing parameter α, the following algorithm gives a one-parameter family of functions ϕ(φ) labeled by a displacement X and givingT ab = T vac ab for ϕ > α. We begin by defining the angleα such that the action of the inverse translation P −X on the t = 0 boundary maps the angular interval [0, α] to precisely [0,α]. Then for π −α < π √ γ we may choose
This is the expected family of solutions to our problem. In contrast, for π −α > π √ γ we will be unable to extend (3.3) to a diffeomorphism of the circle. For positive X, the action of P −X will expand the above interval so thatα > α. So for M < 0 the allowed values of X will range over some (open) half-infinite interval of the form (X 0 , ∞). For X = X 0 , the map (3.3) is just the inverse of the one that constructs the conical defect solution (2.1) by cutting a wedge out of the M = −1 vacuum solution; it does not represent a solution to our problem as it forbids us from satisfying the boundary condition ϕ(0) = 0. By explicitly solving the relevant differential equation one may check that there are no further solutions for M < 0. Direct calculation gives the explicit form and thus
Note that by using (3.5) we may equally-well label our solutions by φ α instead of X. The value of X 0 is determined by setting φ α = 0 in (3.5). In general, X 0 increases as we increase the defect mass or decrease the focusing angle, so that the defect is pulled toward the hairy region as we more tightly comb its gravitational hair. For fixed α we see that X 0 → −∞ (allowing all values of X) as γ → −1 and X 0 → +∞ (allowing no finite values of X) as γ → 0. A contour plot of the minimum displacement X 0 as a function of α and γ is shown in figure 2 . Note that setting X = 0 (as for a gravitational Wilson line running to the origin, smeared without blurring the endpoint) requires
Since φ α must be real and positive, we find that zero displacement can occur only if
This condition is illustrated by the bold line in figure 2 . In terms of the deficit angle ∆φ, the condition for existence of a zero displacement is 2α > ∆φ; i.e. the angle subtended by the vacuum region must be less than the total angle around the defect.
Solutions for M > 0 may be found by analytic continuation of (3.4). The allowed values of X are then complex, taking the form X = −i π 2 + x for real x ∈ (x 0 , ∞). We find
Our parametrization breaks down for M precisely zero (where x 0 → ∞), though one may take the γ → 0 limit of (3.4) holding fixed √ γe X/ . As M → ∞, (3.8) simplifies to x 0 → log tan
. In all cases, applying a further AdS translation P ∆X shifts X → X + ∆X and acts in the natural way on α.
Hairy region
So long as it defines a diffeomorphism of the circle, any extension of (3.4) to φ < φ α provides a solution with gravitational hair combed into the desired region ϕ ∈ [−α, α]. But we are interested in solutions that minimize the energy for given γ, α, X. One expects the minimum energy to increase as α decreases, since a solution that is vacuum outside [−α, α] is also vacuum outside of [−α , α ] when α < α 6 .
From (2.6) we see that if the first derivative of our transformation is discontinuous anywhere, the (ϕ )
2 term will give an infinite contribution to the energy. We thus demand that ϕ be C 1 . The energy of our final solution may be written E = E vacuum region + E hair with E vacuum region = − 1 8πG
(π − α) fixed by α and, since ϕ(φ) is odd,
The form (3.9) was obtained from (2.4), (2.5), and (2.6) after integrating by parts to reduce the third derivative in (2.6) to a second derivative of ϕ. It turns out that the associated boundary term exactly cancels the effect of an explicit delta-function contribution to T tt at ϕ = α associated with a possible discontinuity in ϕ . Minimizing (3.9) leads to a differential equation requiringT tt to be constant for φ ∈ (−α, α), with the value of this constant being chosen so that ϕ is C 1 . The solution here may thus be constructed much as in the vacuum region, but with an extra dilation to scale the energy density to the desired value. We write
where the notationD indicates that these dilations are centered on φ = 0 (soD √ γ (φ) = γ −1/2 φ as opposed to the dilations D of section 3.1 that leave fixed φ = π), and the parameters α,X are fixed by requiring ϕ to be C 1 . Explicit computation then gives
Unfortunately, the first equation in (3.12) is non-algebraic and has no closed form solution forα. Note thatα need not be real: ϕ(φ) will be real ifα is either purely real or purely imaginary, though more general complexα are forbidden. For ϕ(φ) to be monotonically increasing,α must be positive real or positive imaginary. It turns out that one can find suchα satisfying (3.12) for any allowed choices of γ, α, and φ α . In some cases there are multiple suchα (which will then all be real), though a more careful analysis of continuity for ϕ (noting that the branch of tan −1 in (3.11) is fixed by the condition ϕ = 0 at φ = 0) shows that realα must lie in the interval φ ∈ [0, π]. With this understanding there is a uniqueα for each allowed triple (γ, α, φ α ). The energy density of our solution satisfies
but due to the delta-function terms at ϕ = ±α the total energy is
(3.14)
In particular, for M < 0 we use (3.6) to set X = 0 and obtain
While exact, the above expressions are not particularly enlightening. We therefore plot numerical results with X = 0 (3.15) below in figure 3 and for general X (3.14) in figure 4. The white in the latter (figure 4) corresponds to the forbidden region X ≤ X 0 (M, α); note that E → +∞ as X → X 0 . This can be seen by noting that φ α → 0 (and thusα → π from (3.12)) as X → X 0 . The final line in (3.14) thus dominates and gives a (divergent) positive contribution to E. Various simplifying limits will also be investigated in sections 3.4 and 3.5 below.
Minimizing E with respect to X
So far we have discussed minimizing E while fixing M = −γ, α, and the displacement X. But it is also interesting to find the displacement X min that minimizes E for fixed M, α. It is technically simpler to do so by using φ α to parametrize the displacements. We find the minimum to occur atα Figure 4: Minimum energies with fixed mass M , combing parameter α, and displacement X. The white regions correspond to X < X 0 for conical defects or ReX < x 0 for black holes; E → +∞ as such regions are approached. Due to their increasing density, contours have been drawn only for 8GE ≤ 7.2. The top row shows that, as discussed in section 3.5 below, the the displacement X min minimizing E for given α, M is non-trivial even in the limit α → π. The energy E and displacement X in the minimum energy configuration for a given γ and α. Note that X diverges at γ = 0 and X picks up a constant imaginary piece of −π /2 at γ > 0. The minimum energy is smooth through this transition.
and so implicitly determines φ α,E min in terms of α. This allows the minimum energy to be written
19) The simplifications are associated with the fact that (3.12) and (3.17) giveX = 0. The minimum energy configuration is thus the one for which the translation of the hairy region is trivial in (3.10). Thus full effect of (3.10) is then just a rescaling by α/φ α . The minimum energy (3.19) and the associated displacement X E min are plotted in Figure 5 . Note that conical defects always have X E min > 0, and Re(X E min / ) > 0 for black holes.
Light defects and heavy black holes
Although the general formulae (3.14), (3.18), (3.19) are quite complicated, one expects them to simplify in various limits. One interesting choice is the limit of light conical defects (small deficit angle) γ := γ − 1 → 0 holding all other parameters fixed, in which the gravitational field is perturbatively close to the vacuum. It is in this regime that we may attempt to compare with strictly perturbative treatments like [12] . Here we will see that the combing affects the energy only at second order in γ . In higher dimensions this would be clear from the fact that any measure of local energy density (e.g., the Landau-Lifshitz pseudo-tensor) in the gravitational field is quadratic in field perturbations and thus of order an explicit closed form for general bulk displacement X. To second order in γ we find
The first term in (3.20) is just the energy of the displaced, unfocused insertion, and the combing-dependent correction is quadratic as claimed. In this sense, the cost to comb the gravitational hair into any desired configuration is negligible for perturbatively light sources. Note, however, that this is true only for γ → 0 with α and X fixed. Taking α → 0 for fixed γ and X causes the quadratic term to diverge as α −3 so that it is no longer subleading. Comparing the linear and quadratic terms suggests 7 that the expansion (3.20) is useful for
We may easily determine the zero-displacement energy by setting X = 0 to obtain
To instead choose X to minimize the energy, one must satisfy (3.17) which yields
A displacement of order γ from X E min (such as the displacement to X = 0) provides a correction to the energy at O( 3 γ ), and so to quadratic order the minimum energy matches the zero displacement energy:
We cannot impose X = 0 in the complementary limit M = −γ → ∞. But choosing X to minimize the energy gives
)
Note that to leading order in M the energy is just π α times the energy of the uncombed solution (2.1).
Weak and strong combing
Other interesting limits to consider are α → π, where the combing can be very weak, and the strong-combing limit α → 0. In the former case the minimum-energy configuration must approach the reference solution (2.1). Indeed, introducing α = π − α and choosing X to minimize E (i.e., to satisfy (3.17)) yields
As expected, the first term is precisely the energy of (2.1). Interestingly, the corresponding displacement X is 27) which approaches the non-zero constant − log √ −M as α → 0. While surprising at first sight, there is nothing inconsistent about this result; it reflects the fact that the displacement is defined using the vacuum region which disappears (and thus degenerates) in the desired limit.
Recall that α → π implies X 0 → −∞ for conical defects, allowing us to fix any real value of X. And for M > 0 black holes it yields x 0 → −∞, allowing any choice of Re(X/ ). In general we find 28) whereα π is the value ofα at precisely α = π; i.e. α π satisfies
In particular, as suggested by (3.27) , setting X = 0 does not give the energy of our reference solution. Instead, the case X = 0 is an excitation above the reference solution by an amount that cannot be neglected even in the limit α → π. The complementary limit α → 0 localizes the hair near ϕ = 0. The choice X = 0 is forbidden for any fixed M > −1, but we may take X to minimize the energy by imposing (3.18) . Setting α = 0 in (3.18) defines a parameter φ 0,E min that satisfies Re X log Α at Minimum Energy Figure 6 : Plots of 8GEα and Re{X/ } + log(α), with X chosen to minimize E for each M , in the limit α → 0; i.e., the plots show the coefficients of the leading terms in (3.31) and (3.32) . Recall that X is real for M < 0, but has a constant −iπ /2 term for M > 0.
The expansions of the minimum energy E min and associated displacement X E min for small non-zero α are naturally written in terms of this parameter and take the forms
and
(3.32) The leading terms in the energy is proportional to 1/α, while the displacement blows up as − log α. The coefficients are complicated, so we plot them in figure 6 . Ignoring the vacuum (constant) term in (3.31) and comparing the terms of order α −1 , α suggests that the expansion is valid for α 3 γ , which is precisely complementary to the regime required for (3.20) . Although it diverges for small α, we note that the energy remains close to the vacuum value for α 3 4 γ .
Discussion
Our work above studied the combing of gravitational hair from standard sources in AdS 3 . The sources considered were conical defects (−1 ≤ M < 0) and BTZ black holes (M ≥ 0), both with zero angular momentum. We showed explicitly how the gravitational flux from such sources can be combed into an angular interval ϕ ∈ [−α, α] for any 0 ≤ α ≤ π as measured at infinity. However, this combing is generally associated with some displacement X from the origin -a notion which we defined sharply only for the conical defect case M = −γ < 0. Each of our solutions also has an associated displacementX as measured from the the hairy region. It would be interesting to understand ifX is related to the 3+1 perturbative commutator found in [12] , which takes the form of a constant-magnitude radial displacement throughout the hairy region. For perturbatively light defects (M → −1) the displacement X can be chosen arbitrarily and the minimum energy configurations can be studied as functions of the triple M, α, X. Consistent with perturbative expectations in higher dimensions (and in particular with the results of [12] ), we found combing to affect the energy only at second order in the source strength (1 + M ). But for finite-strength sources our X must diverge as α → 0. Indeed, zero-displacement solutions require
i.e., that the conical deficit is smaller than the angular size of the hairy region. Our work was motivated by the study of gravitational Wilson line observables. We noted that one expects such observables to create sources at their endpoints, but -even when appropriately smeared -to preserve a wedge-shaped region of the vacuum. Though such properties may be verified perturbatively, any extrapolation to non-perturbative quantum gravity is at best a conjecture. Indeed, the non-perturbative theory may admit multiple equally-natural extensions of the perturbative and semi-classical definitions of such an observable, each associated with different properties. Our results clearly constrain such extensions, suggesting that operators one might wish to call gravitational Wilson lines ending at the origin can create sources at their endpoints only in the regime (4.1). In particular, the notion of an unsmeared Wilson line (α = 0) can be sensible only at the perturbative level.
There may, however, be a notion of an operator O that creates a source in the expected location while producing gravitational hair in a region R O of some shape more general than the wedges defined by angular intervals [−α, α] that we have discussed thus far. The 'location' at which O acts would then be defined by choosing a region R vac O of the AdS 3 vacuum to be left invariant (and thus free of gravitational hair) by the action of O. Since there is no local notion of gravitational hair in 2+1, the above requirement simply means that O creates a solution diffeomorphic to some reference solution (say, of the form (2.1)) whose t = 0 initial data surface may be cut into two pieces: R O , which is a specified region of the same reference solution, and R vac O which is a specified region of the AdS 3 vacuum. Both pieces come labelled with a preferred angular coordinate ϕ such that, when sewn together, ϕ defines a continuous map from S 1 to the t = 0 boundary.
Given a fixed reference solution, R vac O is determined by R O up to diffeomorphisms; the geometry of R O cannot be chosen independently. For conical defects (M < 0), we may take R O to be any connected region of the t = 0 surface in (2.1) that includes some interval along the boundary.
Our notion of displacement X was sharply defined only for conical defects, as it is only for conical defects that the source is truly localized. In contrast, creating a BTZ black hole necessarily requires an operator to act over a finite-sized region that includes the black hole. In particular, one should be able to proceed as in the above paragraph, though in the BTZ case the allowed regions R O will be more complicated to describe. It may nevertheless be interesting to characterize the possible such constructions and in particular the corresponding intervals [−α, α] of ϕ along the boundary into which they allow gravitational flux to be combed. It would also be interesting to study possible connections with [19, 44] , which suggested that commutators with operators creating black-hole-like objects should be rather different than with the perturbative gravitational Wilson lines. The conjecture that naivelyacting operators can exist only above some minimal value of α is very much along these lines.
We have so far focussed on the case of negative cosmological constant and AdS 3 length scale . But one may also wish to study solutions with zero cosmological constant. Since a cosmological constant is irrelevant on short distance scales, all such solutions may be obtained from those studied above by taking → ∞ holding all other parameters fixed.
The lack of 2+1 asymptotically flat black holes suggests that we limit discussion to the conical defect case γ = −M > 0. For finite , this setting provided a clean notion of the absolute displacement X of the combed solution from the center of the spacetime. To have a well-defined asymptotically flat limit, X should remain finite as → ∞. Thus we require X → 0. So combed solutions with zero cosmological constant exist only for (π − α) < √ γπ.
At least up to what may be regarded as a conventional shift to set the energy of 2+1 Minkowski space to zero, or to −
4G
as in [45] , the energies of such solutions continue to be given by (3.15) ; see also the limiting results (3.21) and (3.28) for X = 0. Due to our normalization of the time-translation Killing field, these energies are already independent of . Once the asymptotically flat limit has been taken, we are of course free to act with any additional asymptotically flat translation without further changing the energy. Interestingly, such combed solutions do not satisfy the standard definition [46] of asymptotically flat 2+1 spacetimes which turns out to require the gravitational flux to become rotationally symmetric at infinity. This suggests (as do the results of [26] ) that it will be useful to generalize the definition of [46] , though we leave this for future work. Thus far we have restricted attention to solutions that are vacuum outside the location of some given source. We have thought of the source as associated with some 'bare' operator to which some gravitational dressing must be applied. One may allow the dressing to add further matter excitations as well, though since positive energy matter will largely act to strengthen the source this seems unlikely to allow interesting exceptions to the constraints found above. The point is instead that beyond 2+1 dimensions there is no sharp distinction between a purely gravitational dressing and one that involves matter, as quantum pair creation processes generically require the former to evolve into the latter.
It remains to discuss further implications for higher dimensions. At least at the classical level, in this context point particles can exist only perturbatively in G. A non-perturbative analysis must thus consider operators that create sources over finite regions. Their action on the vacuum will again be naturally described by choosing a region R O over which the operator is to act and a region R vac O of the vacuum to be left invariant. Now, however, the possible addition of gravitational waves allows more freedom in choosing the geometry inside R O . Even in the black hole regime it thus seems likely that, as measured at infinity, we will be able to freely specify the cone of solid angle into which the gravitational hair may be combed. Indeed, as we found in 2+1 dimensions, one would generally expect E → +∞ as one approaches the boundary of any forbidden region. And aside from singular limits analogous to our α = 0 the bulk geometries should remain smooth. So such infinite energies must be associated with IR divergences, which necessarily weaken as the dimension is increased.
